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Abstract
We show power-scaling behaviors for fluctuations in share volume,
which no other studies have so far done. After analyzing a database
of the daily transactions for all securities listed on the Tokyo Stock
Exchange, we selected 1050 large companies that each had an un-
broken series of daily trading activity from January 1975 to January
2002. We found that the cumulative distributions of daily fluctua-
tions in share volumes can be well described by a power-law decay,
and that the cumulative distributions for almost all of the companies
can be characterized by an exponent within the stable Le´vy domain
0 < α < 2. Furthermore, more than 35 percent of the cumulative
distributions can be well approximated by Zipffs law, that is, the cu-
mulative distributions have an exponent close to unity.
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1 Intoroduction
There is a long tradition of studies on power-law scaling in financial mar-
kets. Scaling of market prices was first reported by Mandelbrot in 1963 in
his seminal work on cotton prices [1]. He presented empirical evidence that
the cumulative distribution of daily fluctuations in cotton prices followed a
power-law asymptotic behavior, characterized by an exponent α ≈ 1.7; he
also proposed stable Le´vy distributions [2] as candidates for the probability
density function of price changes in financial assets. Fama [3] analyzed quan-
titatively the daily data on the share prices of 30 companies over a 5-year
period, and showed a power-law distribution of the price changes. Recent
studies have confirmed the presence of scaled distributions of price changes
in various financial markets: exchange rate markets [4], German stocks [5],
the stock price index [6], [7],and individual stocks [8]. These results suggest
the possibility of the existence of universal properties of price changes.
Although trading volume is, like price, an important quantity that charac-
terizes the activities of financial markets, only a few attempts have so far been
made to understand the statistical properties of trading volumes1. In this
paper we study the statistical properties of fluctuations of share volume. By
analyzing a database of the daily transactions for all securities listed on the
Tokyo Stock Exchange, we found that the cumulative distributions of daily
fluctuations of share volumes can be well described by a power-law decay
and characterized by an exponent within the stable Le´vy domain 0 < α < 2.
Furthermore, we found that the distributions for a number of companies fol-
low Zipffs law, that is, the cumulative distributions of fluctuations of share
volume have exponents very close to unity 2.
The paper is organized as follows. The following section presents the
details of our empirical results on the distribution of fluctuations in share
volume, and the final section presents some concluding remarks.
2 The Distribution of Fluctuations of Share
Volume
We investigated the statistical properties of the daily data of share volume,
using a database of the daily volumes for all securities listed on the Tokyo
Stock Exchange. We selected 1050 companies that each had an unbroken
1Gopikrishnan, et.al. [9] are among those who first studied the statistical properties
of share volume. They showed that the distribution of share volume follows a power law
with an exponent close to 1.7.
2Zipffs law is found in various fields, e.g. [10], [11] [12] [13] [14] [15].
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series of daily trading activity for the entire 27-year period from January 1975
to January 2002. Each time series of daily trading volume had approximately
7000 data points, corresponding to the number of trading days in the 27-year
period.
The basic quantity studied for individual companies was the volume Q(t),
defined as the number of shares traded in a trading day. For each company,
we analyzed increments of volume, V = Q(t) − Q(t − 1). Nissin Steel, a
large Japanese steelmaker, serves as a typical example of the 1050 companies
we analyzed. Fig. 1 shows the probability distribution of the increments in
share volume V for Nissin Steel. At a glance, the contrast with the Gaussian
distribution curve is striking. The mean value is close to zero. Skewness
is positive, and kurtosis is significantly positive. The important result is
that the probability distribution of share volume exhibits apparently greater
probability mass in the tails and in the center than dose the standard Normal,
which is characterized by the empirical distribution that has been repeatedly
observed in various market data[16].
Fig. 2 (a) and (b) show the cumulative probability distributions of incre-
ments of share volume V , i.e. the probability for an increment larger or equal
to a threshold x, for Nissin Steel in log-log scale. The cumulative distribution
P (V ≥ x) shows a power-law decay:
P (V ≥ x) ∼
1
xα
. (1)
Regression fits in the region 4× 102 ≤ x ≤ 2× 104 yield
α =
{
0.97± 0.007, R2 = 0.996 (positive tail)
1.02± 0.003, R2 = 0.999 (negative tail)
(2)
For both positive and negative tails, a power-law asymptotic behavior well
fits the data over the range 4 × 102 ≤ x ≤ 2 × 104. These estimates of the
exponent α are well inside the stable Le´vy range, which requires 0 < α < 2.
More noteworthy is that these are very close to unity, i.e., the distribution
of share volume for Nissin Steel follows Zipffs law.
To confirm the robustness of the above analysis, we repeated this analysis
for each time series of share volume for each of the 1050 companies. For all
of the companies, the asymptotic behavior of the functional form of the
cumulative distributions was consistent with a power law (1). The estimates
of α were sensitive to the bounds of the regression used for fitting. Thus we
used the coefficient of determination R2 of the linear regression line against
a standard and determined the appropriate values of the exponent α. We
chose the results of the regression fit as an appropriate value of the exponents
where the coefficient of determination was greater than 0.995. The estimates
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of the exponent α were, for all but 6 of the 1050 companies, within the stable
Le´vy domain, 0 ≤ α < 2. In Figure 3 we show the histogram for α, obtained
from power-law regression fits to the positive tails (a) and negative tails (b)
of the individual cumulative distributions of all 1050 companies. Table 1 lists
the proportion of observations α in each class. As shown in Table 1, the most
probable value is the class 0.9 − 1.1 for the estimates α of the positive tails
and the class 1.1− 1.3 for the estimates α of the negative tails. Thirty-eight
percent of all the estimates α for the positive tails were between 0.9 and 1.1,
while 31 percent of α for the negative tails were between 0.9 and 1.1. More
than 30 percent of the companies had a distribution of fluctuations of share
volume characterized by an exponent close to unity, (0.9 < α < 1.1).
Table 1: Classification of estimates of the exponent α
Class Positive tail (%) Negative tail (%)
0.7 ≤ α < 0.9 9 5
0.9 ≤ α < 1.1 38 35
1.1 ≤ α < 1.3 32 38
1.3 ≤ α < 1.5 13 14
1.5 ≤ α < 1.7 5 5
1.7 ≤ α < 1.9 2 2
1.9 ≤ α < 2.1 1 1
3 Concluding Remarks
We have presented the statistical properties of the distribution of fluctuations
in share volume for individual companies. We found (1) that the distribution
of fluctuations in share volume for almost all of the companies was consis-
tent with a power-law behavior, characterized by an exponent inside the
Le´vy stable regime, 0 < α < 2. We also found that more than 35 percent
of the distributions of fluctuations of share volume followed the Zipffs law
approximately.
Share prices are largely determined largely by the relation between supply
and demand. Therefore, in order to get a comprehensive understanding of
the market dynamics, we need to investigate the relationship between price
and volume. Our primitive work [17] on the share returns for the same com-
panies showed that the return distributions were characterized by the double
exponential distribution. This result was inconsistent with previous works
4
on stock returns [7], [8]. Two questions must be considered next. The first
is, What mechanism generates Zipffs law of volume? The second question
is whether or not there exist statistical laws that present the relationship
between volume and price.
Although so far no theory has been established to describe the relationship
between price and volume in financial markets3, our empirical results give
conditions that any empirically accurate theories of stock markets have to
satisfy. These empirical and theoretical studies remain for future work.
4 Acknowledgment
We thank Michiyo Kaizoji for classifying data and encouragements.
References
[1] B.B. Mandelbrot, The variation of certain speculative prices, Journal of
Business 36 (1963) 394-419.
[2] P. Le´vy, Calcul des Probabilites, Gauthier Villars, Paris (1925).
[3] E. F. Fama, The behavior of stock-market prices, Journal of Business
38 (1965) 34-105.
[4] Pictet O.V. et al., Statistical study of foreign exchange rates, empirical
evidence of a price change scaling law and intraday analysis, Journal of
Banking and Finance, 14, (1995)1189-1208.
[5] T. Lux, The stable Paretian Hypothesis and the frequency of large re-
turns, Applied Financial Economics, 6 (1996) 463-475.
[6] R. N. Mantegna and H. E. Stanley, Scaling behavior in the dynamics of
an Economic index, Nature, 367, (1995) 46-49.
[7] P. Gopikrishnan, V. Plerou, L. A. N. Amaral, M. Meyer, and H. E.
Stanley, Scaling of the distribution of fluctuations of financial market
indices, Phys. Rev. E. 60, 5 (1999) 5305-5316.
[8] V. Plerou, P. Gopikrishnan, L. A. N. Amaral, M. Meyer, and H. E.
Stanley, Scaling of the distribution of price fluctuations of individual
companies, Phys. Rev. E. 60, 6 (1999) 6519-6529.
3Our recent work [17] presented a stockastic model of financial markets, which related
share returns to trading-volume changes.
5
[9] P. Gopikrishnan, V. Plerou, X. Gabaix and H. E. Stanley, Statistical
Properties of Share Volume Traded in Financial Markets, Phys. Rev. E.
62, 4 (2002) 4493-4496.
[10] G. K. Zipf, Human Behavior and the Principle of Least Effort, Addison-
Wesley, Cambridge (1949).
[11] K. Okuyama, M. Takayasu and H. Takayasu, Zipf’s law in income dis-
tribution of companies, Physica A 269 (1999) 125-131.
[12] H. Aoyama, W. Souma, Y. Nagahara, M. P. Okazaki, H. Takayasu
and M. Takayasu, Pareto’s law for income of individuals and debt of
bankrupt companies, Fractals 8-3 (2000) 293-300.
[13] M. Marsili, Y.-C. Zhang (1998), Interacting individuals leading to Zipf’s
law, Physical Review Letters, 80(12):2741-2744.
[14] X Gabaix, Zipf’s law for cities: an explanation, Quarterly Journal of
Economics, 114 (1999) 739-767.
[15] L. A. Adamic, B. A. Huberman, The nature of markets in the World
Wide Web, Quarterly Journal of Electronic Commerce, 1 (2000) 5-12.
[16] A. Pagan, The econometrics of financial markets, Journal of Empirical
Finance 3 (1996) 15-102.
[17] T. Kaizoji and M. Kaizoji, Share returns and volume changes: Empirical
results and a theoretical model, to appear (2002).
6
Probability
V

 

	




 fffiflffi  !"#$ % &'() *+,- ./01
Figure 1
Figure 1: Probability density distribution of fluctuations of share volume V
for Nissin Steel for the 27-year period January 1975 to January 2002. The
distribution shows excess kurtosis.
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Figure 2
Figure 2: Cumulative distributions of (a) positive tails and (b) negative
tails of fluctuations of share volume of Nissin Steel for the 27-year period
January 1975 to January 2002 in log-log scale. The solid lines are a power-
law regression fit in the region 4×102 ≤ x ≤ 2×104. We find α = 0.97±0.007
(R2 = 0.996) for the positive tail, and α = 1.02 ± 0.03 (R2 = 0.999) for the
negative tail.
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Figure 3: Histograms of the exponent α of (a) positive tails and (b) nega-
tive tails of the distributions of fluctuations of share volume. The power-law
exponents α are obtained by a power-law regression fit to the cumulative
distribution for each of the 1050 companies, where the coefficient of determi-
nation R2 of the linear regression line is greater than 0.995.
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